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Introduction
The Petersen graph is named after the Danish mathematician Julius Petersen (1839 Petersen ( -1910 . During the 1890s Petersen was studying factorizations of regular graphs and, in 1891, published an important paper [33] that is commemorated in this volume. In his paper, Petersen proved that every 3-regular graph with at most two bridges contains a l-factor. A few years earlier, Tait [35] had written that he had shown every 3-regular graph to be l-factorable, but that this result was 'not true without limitation'. What Tait meant by this is unclear, but in 1898 Petersen interpreted Tait's remark to mean that every 3-regular bridgeless graph is l-factorable. If this result had been true, then it would have been stronger than Petersen's theorem. However, Petersen showed it to be false by producing a 3-regular bridgeless graph that is not l-factorable (see [34] )-the graph which we now call the Petersen graph (see Fig. 1 ).
The main properties of the Petersen graph were discussed at length by two of us in 1985 [15] . However, the Petersen graph continues to appear throughout the literature of graph theory. In the present paper we update our earlier review by presenting additional recent results relating to the Petersen graph. 
Some characterizations
In [15] several characterizations of the Petersen graph were presented. An r-cage is a 3-regular graph of smallest order with girth r. It is easy to see that the complete graph K4 is the only 3-cage, and the complete bipartite graph K3,3 is the only 4-cage. For I = 5, we have the following result. More generally, a (k, r)-cage is a k-regular graph of smallest order with girth r. Thus the Petersen graph is the only (3,5)-cage. The next characterization uses the fact that any two non-adjacent vertices are mutually joined to exactly one other vertex. In [22] Exoo and Harary defined a graph G to have the property PI,, if, for each sequence v, v,, v2, . . . , v, of n + 1 vertices, there is another vertex of G, adjacent to v but not to vl, v2, . . . , v,. For 1 s n s 6, the (n + 1, 5)-cage is a graph of smallest order with property PI,,. In particular, they obtained the following result for n = 2, also obtained by Murty [31] . If G is a given graph, a graph F is a G-frame if it is a graph of smallest order with the property that, for each vertex z, of G and each vertex w of F, there is an embedding of G into F as an induced subgraph with v appearing at W. For example, the product graph K2 X K3 is the unique Y-frame for the tree Y of 
Cycles and cycle covers
It is well known that the Petersen graph has a cycle passing through any nine vertices, but no (Hamiltonian) cycle passing through all ten vertices. Holton, McKay, Plummer and Thomassen [24] have extended the first of these results by proving that, if G is any 3-connected 3-regular graph, then G has a cycle passing through any nine vertices. For cycles through ten vertices, Kelmans and Lomonov [27] and Ellingham, Holton and Little [19] have proved the following result.
Theorem 5. If G is a 3-connected 3-regular graph, then G has a cycle passing through any ten vertices if and only if G is not of 'Petersen form'-that
is, G cannot be contracted to the Petersen graph with each of the ten vertices mapped to a distinct vertex of the Petersen graph (see Fig. 4 ).
An extension of Theorem 5 to eleven vertices was obtained by Aldred [l] (see also Aldred, Bau and Holton [2] ). Together with G. Royle, these authors have obtained the following result [3] . In the case of 2-connected graphs, the following result was obtained by Dean, Kaneko, Ota and Toft [17] . In [20] ErdGs mentioned Theorem 7 and attributed it to H. Jochens.
The following result, related to Theorem 5 but for graphs that are not necessarily 3-regular, has recently been announced by P.A. Catlin and Hong-Jian Lai, along with several other results of a similar nature. A double cycle cover of a graph G is a collection C of cycles in G such that each edge of G lies in exactly two cycles in C. Catlin have proved a number of results involving double cycle covers and the Petersen graph. A typical one is as follows. Catlin has conjectured that 'at most 13' in Theorem 9 can be replaced by 'at most 17'; this would be best possible, because of the existence of snarks of order 18.
Hamiltonian properties
It is well known (see [15] , for example) that the Petersen graph is not Hamiltonian. It is hypohamiltonian, however, in that the removal of any vertex leaves a Hamiltonian graph. Thus, the Petersen graph is, in some sense, 'nearly Hamiltonian'. It is close to being Hamiltonian in another sense. In [26] , Jackson proved the following result. Zhu, Liu and Yu [36] proved the following conjecture of Jackson (see also Bondy and Kouider [9] ). Jackson also conjectured that, for k 2 4, all 2-connected k-regular graphs of order at most 3k + 3 are Hamiltonian. This conjecture has been proved for k > 6 by Zhu, Liu and Yu [37] . Regular Hamiltonian graphs have also been studied by Erd& and Hobbs [21] , who proved the following result.
Theorem

Let G be a %-connected k-regular graph of order 2k + 3 or 2k + 4 (k 3 2). Then G is Hamiltonian if and only if G is not the Petersen graph.
Lovasz [29] has conjectured that every connected vertex-transitive graph contains a Hamiltonian path, and Thomassen (see [7] ) has conjectured that there are only finitely many vertex-transitive non-Hamiltonian graphs. The known exceptions are the Petersen graph, the Coxeter graph, and two graphs obtained from these by replacing their vertices with triangles. It is also known (see, for example, Marusic and Parsons [30] ) that, apart from the Petersen graph, every connected vertex-transitive graph of order p (prime), p', p3, 2p, 3p, or 5p is Hamiltonian.
The Petersen graph also appears as the exceptional graph in the following result of Broersma, Van den Heuvel and Veldman [ll] , generalizing Ore's theorem on neighbourhood unions. One of the best known necessary conditions for a graph G to be Hamiltonian is that k(G -S) =S ISI, for every proper subset S of V(G), where k(G -S) denotes the number of components of G -S. Let K(G) and /3(G) denote the connectivity and independence number, respectively, of a graph G. Chvatal and Erdiis [16] have also proved that if G is a graph of order at least 3, with K(G) 2 /3(G), then G is Hamiltonian. These two results have been combined by Bigalke and Jung [8] , who proved the following result. Another result along these lines concerns pancyclic graphs-graphs of order n (~3) containing cycles of all possible lengths 3,4, . . . , n. Benhocine and Fouquet [6] have proved the following result. A graph G is said to be traceable if it has a Hamiltonian path. Galvin, Rival and Sands [23] have proved that, for each triple r, s, n of positive integers, there exists a least positive integer T(r, s, n) such that every traceable graph of order exceeding T(r, s, n) either contains K,,, as a subgraph or has a chordless n-path. Among the results they have obtained are that T(2, 2, 6) = 10, and that the unique traceable graph of order 10 containing no K2,* (= C,) and no chordless 6-path is the Petersen graph.
There has also been much interest in the generalized Petersen graph P(n, k), consisting of an outer n-cycle, n spokes, and an inner n-cycle (or set of disjoint cylces of total length n) joined to the free ends of every kth spoke. (Thus P(5, 2) is the Petersen graph.) Much attention has been paid to when these graphs are Hamiltonian, and the question finally settled by Alspach [4] in the following. (i) P(5, 2), P(ll, 2), P(17, 2), P(23, 2), P(29, 2), . . . ; (ii) P(8, 4), P(12, 6), P(16, S), P(20, lo), P(24, 12), . . . .
Extremal graph theory
We conclude this survey with a number of results from extremal graph theory. A graph G is 3-saturated if G contains no triangles, but G + e contains a triangle for each edge e. Duffus and Hanson [18] have proved the following result. Another result on triangle-free graphs was proved by Nenov and Khadzhiivanov [32] in the following. This result is best possible in the sense that neither the Petersen graph nor the graph of the dodecahedron contains a bipartite subgraph with more than $ of its edges.
The previous result was made a bit more specific by Bondy and Locke [lo] . Finally, Beenker and Van Lint [S] have determined the maximum order of a generalized Petersen graph of given diameter in the following. 
